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MATHEMATICS
EXTENSION 2

General Instructions: Total Marks 100
Reading Time: 5 minutes. Section I 10 marks
Working Time: 3 hours. * Attempt Question 1 — 10.
* Write in black pen. * Answer on the Multiple Choice
answer sheet provided.
Board approved calculators & templates may be used § - Allow about 15 minutes for this
section.

A Standard Integral Sheet is provided.
Section I1: 90 Marks

In Question 11 - 16, show all relevant mathematical * Attempt Question 11 - 16
reasoning and/or calculations.
Marks may not be awarded for careless or badly * Answer on lined paper provided. Start
arranged working. a new page for each new question.

- Allow about 2 hours & 45 minutes for
this section.

The answers to all questions are to be returned in separate stapled bundles clearly

labelled Question 11, Question 12, etc. Each question must show your Candidate
Number.



Section A MULTIPLE CHOICE

(Use the Multiple choice answer sheet for questions 1 — 10)
One mark will be awarded for each correct answer.

Question 1

After using the method of slicing to find a volume, the final calculation requires the
evaluation of this integral

8
f\/64 —x? dx
-3

The value of this integral is :

Ay 0 B) 32n C) o64rn D) 128=

Question 2

If @ is a complex root of the equation z3 = 1, then the value of

1 1

18
5+6w+5w?  3+3w+2w?

N B) - o D) 1

Question 3

If the polynomial P(x) is divided by (x? + 25) then the remainder is 3x + 4.
What is the remainder when P(x) is divided by (x + 5i) ?

Ay 15-4i B) 15+4i C) 4-1s51 D) 4+15i

Question 4
The gradient of the tangent to the curve x* + y3 — 8xy + 7 = 0 at the point (1,2) is:

A = B)  Undefined o = D)

N | W



Question 5

A projectile is fired from the origin at a fixed angle 8 with a velocity V. If this velocity is
doubled, while the angle of projection remains the same, then the range of the projectile
across horizontal ground will:

A) Remain unchanged.

B) Increase by a factor of V2.
C) Increase by a factor of 2 .

D) Increase by a factor of 4.

Question 6

Which of the following loci is identical to the locus |z| = 2, Im(z) > 0 ?

A) zZ=4,Re(z)>0 B) Arg(22) =2

) Re(ﬁ’f‘-) =0 D) Arg(i’r_z) T

Z—2 zZ-2

Question 7

What is the solution of the inequality <=2

> -3 ?
x—4

A) 2<x<4 or x=6 B) 4<x<5 or x<1

C) 4<x<£6 or x<£2 D) 1<x<4 or x=5

Question 8

J(x) is a continuous, differentiable function over a < x <b and g(x) is a continuous,
differentiable function over ¢ <x <d. Which one of the following integrals is always
greater than, or equal to, the other choices?

B [f@dx+ [[g)dx B

[y £ dx | + | [ g(x) dx]

O LIFelde + [figlde D) | fde + [FgG) dx]



Question 9

A particle is moving along a straight line so that initially its displacement is x=1, its velocity
v=2 and its acceleration is a=4.

Which of the following is a possible equation describing the motion of the particle?

A) v? = 4(x? - 2) B) v =2+4log.x
C) v =2sin{x — 1) + 2 DYy v=x%+2x+4
Question 10
Im(z)‘
C(w)
D
B
AZ)
o
0 Re(z)

In the diagram, ABCD is a square in the first quadrant as shown. If 4 represents the
complex number z and C represents the complex number w, then B represents which of
the following complex numbers?

Z-w i(z+w)
2 2

zZ—w i(z+w)
B) 2 + 2

A)

z+w i(z—w)
D) 2 + 2

z+w i(z-w)

©) 2 3

End of Section A



Section B

In this section you should include all necessary reasoning and calculations.

Question 11 (Start each new question on a separate sheet of paper.)

(a)

(b)

(©)

(d)

. . . . -1 18dx
By using partial fractions, or otherwise, evaluate f-z Ext3)
T
Evaluate  [#sec*x dx
. a0 1N -1 __1t
(i)  Show that = (x*tan™'x) = 2xtan"*x + 1 v

(ii)  Hence find the exact value of foﬁ xtan™'x dx

zy =—2+2i and z, = —1 +iV3 are two complex numbers.
(i)  Express 24, z, and ;—1 in modulus/argument form.
2
n
(i)  Find the smallest positive integer » such that 'Zl—n is purely
2

imaginary and, for this value of n, write down the value of

z . ] .
;—1; in the form bi where b is a real number.
2

Marks



(a)

(b)

(c)

Question 12  (Start each new question on a separate sheet of paper.) Marks

¥a

1 y=a(r—3)

A sketch of the curve y = x2(x — 3) is shown above.

On separate sets of axes sketch the graphs of:

0
(if)

(iif)

y? =x%(x — 3)
_ 1

y= x2(x-3)
. 1

Y = rx-3)

Consider the ellipse 4x? + 3y? = 48.

(i)
(i1)
(iii)

(1)

(i)

(iif)

Find the eccentricity of the ellipse.
Write down the coordinates of the foci and the equations of the directrices.

Sketch the ellipse, showing the above features and the intercepts on the
coordinate axes.

Prove that, for all real a and b,
a’+ b? = 2ab
Prove that, for any positive, real x and y,

2422
Vv x

Prove by induction, or otherwise, that

O+ 2%+ Xy oo Xy H 1) (b b Dbt b ) 2
Xq Xy X3

Xpn-1 Xn

where the x; are all real and positive.



Question 13  (Start each new question on a separate sheet of paper.) Marks

D

(a)  The figure shows a cyclic quadrilateral ABCD with diagonals AC and BD.
E is a point on AC such that angle 4BE equals angle DBC.

(i)  Prove that triangle ABE is similar to triangle DBC. 2
(ii)  Prove that triangle 4BD is similar to triangle EBC. 2

(11) Hence prove Ptolemy’s Theorem, which, in this context, states

ABXCD + ADxBC = ACXBD 3

(b)  Sketch the curve y = (x%)_(:ﬂ-)- over the domain {x: —5 < x < 15} showing

the axis intercepts and the relationship of the curve to its oblique asymptote.
{You are given that there are turning points near x = 0.75 and x = 9.25 but
you need not evaluate their values exactly.) 3

(¢)  Ajar contains w white and 7 red jelly beans. Three jellybeans are taken at
random from the jar and eaten.

(i)  Write down an expression, in terms of w and r, for the probability that
the three jellybeans were all white. (Leave in factorised form.) 1

It was observed that, if the jar had initially contained (w + 1) white and r red
jellybeans, then the probability that the 3 eaten jellybeans were white would
have been double that in part (i).

(i) Show that r = ¥=2W*1) 2

5—-w

(iii) Using part (b) or otherwise, determine all possible values of w and 7. 2



Question 14 (Start each new question on a separate sheet of paper.) Marks

(a) Consider the polynomial p(x) = ax* + bx® + cx* + dx + f where g, b,
¢, d and fare integers. Suppose ¢ is a non-zero integer such that p(a) = 0.

(i) Provethat o divides f. 1

(ii) Show that the polynomial ¢q(x) = 4x* — x3® + 3x? + 2x — 3 does
not have an integer zero. 2

(b) Two light rigid rods PQ and QR, each of length d metres,
are smoothly jointed at Q and the rod PQ is smoothly

jointed at the fixed point P. The joint at  has a mass of
Mkg attached.

A small ring of mass m kg is smoothly jointed to OR at R
and can slide on a smooth vertical rod which also passes
through P.

The system rotates about the vertical causing the ring to
rise up the vertical rod.

In equilibrium the system is rotating at @ rads/sec and
the rods form an angle 6 with the vertical (as shown).

(i) Copy the diagram and, by resolving forces at points Q' and R, 4
show that  Mw?d = (2mg + Mg)secd

(i) Now suppose that M = 4m and that a safety switch operates when 8 = /3. 1
Show that this occurs when w = ‘%g

(c) The complex number z satisfies the condition |z —8|=2Re(z-2).

(i)  Write down the equation of the locus in its more usual Cartesian form, 3
noting any restrictions that apply.

(i1)  Sketch the locus on an Argand diagram and find the possible values 3
of Arg z.

(iii) Write down the value of {z + 8| — |z — 8| for any point on the curve. 1



Question 15 (Start each new question on a separate sheet of paper.) Marks

(a) The area bounded by the parabola y = x(3 — x) and the x axis is
rotated about the line x = 4 . Use the method of cylindrical shells to
find the volume of the solid formed. 4

(b) Leta, pand y be the roots of the equation x3 — 3x2 + 5 = 0.

(i)  Find a cubic polynomial equation with integer coefficients
whose roots are a2, 2 and y2. 2

(i)  Find the value of a* + B*+ y*. 2

(¢) P(3p,3/p) and Q(3q,3/q) are two points on the rectangular hyperbola xy = 9.
The equation of the chord PQis pgy +x =3(p + q) (DO NOT PROVE THIS)

The chord PO meets the x and y axes at G and H respectively.
(i)  Find the coordinates of M, the midpoint of PQ. 1
(ii) Show that PH=0G 2

(iii) If the chord PQ always passes through the point (0,2), find the locus of M,
proving any restrictions. 4



Question 16  (Start each new question on a separate sheet of paper.) Marks

(a) A particle P, of unit mass, is thrown vertically downwards in a resistive
medium where the resistive force is proportional to speed. Thus, taking

downwards as positive, the equation of motionis ¥ = g — kv where
k> 0.

The particle is thrown, with an initial speed U, from a point T which is
d units above a fixed point O which should be taken as the origin.
So the initial conditions are : when t =0, v=U and x = —d

(1)  Show that , during the subsequent motion of P,

g g-kU) —kt
v=-—({—)e
- (5

(You may assume that U < % ) 2

(i) Integrate again to show that

x =2k, (g"‘”) (e7t — 1), 2

k KkZ

(ii1) An identical particle Q is dropped from rest at O at the same instant
that P is thrown down. Use the above results to write down
expressions for v and x as functions of time for Q. 2

(iv) The particles P and Q) collide. Find when the collision occurs and the
difference in speeds as the particles collide. 3

Question 16 is continued on the next page...



Question 16 (continued) Marks

(b)

A tunnel has an isosceles trapezium 4ABCD as its base with 4B of side length 4r and
CD of side length 2r. The tunnel is of length H and the height along the centre line is
constant at 3». The cross section perpendicular to the floor at AB is a semi-ellipse with
AB as the minor axis and with a semi-major axis of length 3r. The cross section
perpendicular to CD is a square CDEF' surmounted by a semicircle of radius r.

A typical internal cross-section (as shown) comprises a rectangle surmounted by a
semi-ellipse. AED and BCF are thence plane triangles.

2 2
(You may assume that the area of the ellipse % + %2- = 1 is mab square units.)

(1)  Show that the tunnel cross-sectional area at a perpendicular distance £

from AB is given by :
T (2H ~ h)(3nH + (8 — 2m)h) 4
(ii) Hence find the volume of the tunnel. 2

END OF EXAMINATION
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MATHEMATICS Extension 2: Question.. 15

Suggested Solutions

Marks

Marker’s Comments
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Marks

Marker’s Comments
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MATHEMATICS Extension 2: Question..! ..

Suggested Solutions Marks |  Marker’s Comments
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